Abstract. This paper studies the regularity of an Euler-Bernoulli plate equation on a bounded domain of R n , n ≥ 2, with partial Neumann control and collocated observation. It is shown that the system is not only well posed in the sense of D. Salamon but also regular in the sense of G. Weiss. It is also shown that the corresponding feedthrough operator is zero.
Introduction and main result
In the last fifteen years, much efforts have been concentrated on a wide class of linear infinite-dimensional systems called well-posed and regular linear systems (see the surveys [5, 23] ). This general framework covers many partial differential equations with actuators and sensors supported at isolated points, on sub-domains, or on a part of the boundary of the spatial regions. The studies have shown that this class of infinite-dimensional systems possesses many properties that are parallel in many ways to those of finite-dimensional systems (see, e.g., [6, 22] ). The concept of regularity while very useful in this framework, rarely appears in the literature on control of systems of partial differential equation [4] . In [2] , the well-posedness of a wave equation with Dirichlet input and collocated output on the 2-D disk was proved by a direct method. The well-posedness of this equation on a bounded open domain of R n , n ≥ 2, with a smooth boundary was proved in [1] by the microlocal analysis. The well-posedness and regularity of a multidimensional heat equation with both Dirichlet and Neumann type boundary controls is derived in [3] . Other examples on the well-posedness and regularity of some systems od multidimensional partial differential equations can be found in [17, 24, 25] . The regularity of a multidimensional wave equation and a Schrödinger equation with the Dirichlet control and collocated observations were recently proved in [11] and [12] , respectively.
Let us briefly recall some background about infinite-dimensional wellposed and regular systems (see [5, [19] [20] [21] [22] [23] [24] [25] ).
Let X, U , and Y be three Hilbert spaces. They are the state, input, and output spaces of an infinite-dimensional linear system, respectively. This system is described by the equations
where the (usually unbounded) operator A generates a C 0 -semigroup T(·) on X, B is a control operator from U to X, and C e is an observation operator from X to Y . In (1.1), u(t) ∈ U , x(t) ∈ X, and y(t) ∈ Y are called the input, state, and output, respectively. The input function u(·) is assumed to be in the space L 2 loc (0, ∞; U ). For the case where both B and C e are bounded, a nice theory for system (1.1) has been summarized in [8] . However, the framework of the theory of well-posed systems mainly concerns the case where neither B nor C e is bounded.
The domain D(C e ) ⊃ D(A). Denote by C the restriction of C e to D(A) and by
where D(C Λ ) is the subspace of X for which the associated limit exists [5] . System (1.1) is said to be well-posed [19] if for some (and hence for all) t > 0, there exists a constant C t depending on t such that the solution of (1.1) satisfies the condition
The above definition is not the standard one given in [5, 20] , but it is equivalent to the Weiss definition.
Well-posed system (1.1) is said to be regular [5] if zero is the Lebesgue point of the step response under the zero initial condition (i.e., u(t) ≡ u, x 0 = 0):
in the strong topology of Y . The above D and property (1.3) are called the feedthrough operator and the regularity of system (1.1), respectively.
If system (1.1) is well-posed and regular, then its solution can be written as follows:
The transfer function is uniquely defined by the quadruple of operators (A, B, C, D) and can be represented in the form
in some open right complex plane, where denotes the Laplace transform. We see that representations (1.4) and (1.5) resemble the representations for finite-dimensional systems. There are many other properties for a wellposed and regular system that are similar to properties of finite-dimensional systems [6] . For more background, we refer to [11] .
The aim of this paper is to prove the regularity of an Euler-Bernoulli plate with partial Neumann boundary control and collocated observation described by the system 
The well-posedness claimed by Theorem 1.1 is a very important property. It implies that system (1.6) is exactly controllable in some finite time interval if and only if the closed-loop system under the output feedback control u = −ky with k > 0 is exponentially stable (see [13] ). The main result of this paper is that system (1.6) is also regular. 
Theorems 1.1 and 1.2 ensure that system (1.6) is a well-posed, regular linear system in the sense of [18, 20] . This makes system (1.6) like a linear finite-dimensional system among infinite-dimensional systems but with the features of both control and observation operators being unbounded in some sense.
In Sec. 2, we formulate system (1.6) in a collocated abstract setting. The proof of Theorem 1.2 will be presented in Sec. 3.
It should be noted that system (1.6) is an equation of a different type as compared with equations studied in [11, 12] . This makes the proof of Theorem 1.2 quite technical. The key step is Lemma 3.1 for which an elementary proof is presented.
2. Collocated formulation of system (1.6) Let H = H −2 (Ω) be the dual space of the Sobolev space H 2 0 (Ω) with respect to L 2 (Ω). Let A be a positive, self-adjoint operator in H produced by the bilinear form a(·, ·) given by
By means of the Lax-Milgram theorem, A is a canonical isomorphism be-
Hence A is nothing else than an extension of the usual bi-harmonic operator to the space
and the relation
holds. Since A is positive and self-adjoint, there exists a sequence of subspaces {Z n } of H 2 0 (Ω) such that the vector space generated by Z n is dense in H 2 0 (Ω) and
it follows that
Therefore, 
By virtue of the mapping Υ, we can write (1.6) as follows:
We identify H with its dual H and, therefore, we obtain the following Gelfand-triple of continuous and dense inclusions from one to the next:
Therefore, (2.4) can be further written in D(A 1/2 ) as
Define B * ∈ L(D(A 1/2 ), U) as follows:
Therefore,
Thus, we have written system (1.6) as a second-order evolution equation on H:
where A, B, and B * are given by (2.1), (2.7), and (2.8), respectively. The main contribution of this paper is to show that system (1.6) is regular with the feedthrough operator D = 0.
Proof of Theorem 1.2
Since (according to Theorem 1.1) system (2.9) is well posed, it follows from [13, Appendix] that the transfer function of system (2.9) is
Moreover, the well-posedness claimed by Theorem 1.1 implies that there exists a positive number α > 0 such that (see [7] )
satisfies the condition
where ε are real and positive numbers.
Proof. We need only to show that H(λ)u converges to the zero in the strong topology of U along the positive real axis (see [21] ), i.e.,
for any u ∈ L 2 (Γ 0 ) = U . Owing to (3.1) and a density argument, it suffices to show that (3.4) holds for all
Then (3.6) can be written as
Therefore, (3.6) becomes
If we set u ε (x) = w λ (x) with ε = λ −1 , we obtain the required result.
In order to prove (3.3), we need the following lemma.
Lemma 3.1. Let u ε be a solution of (3.2). Then there exists a function a(x) independent of ε, which is at least locally continuous on ∂Ω, such that
Proof. Since ∂Ω is of the class C 2 , by [9, Definition on p. 626], we may assume without loss of generality that there exists a C 2 -function φ :
where x 0 is any point of ∂Ω and B(x 0 , r) ⊂ R n is a ball centered at x 0 with radius r > 0. Then the unit outward normal vector to
after differentiating with respect to x i , we have
Differentiating this relation again with respect to x j , we obtain
. We set i = j in (3.13), sum for i = 1, 2, . . . , n − 1, and obtain
for all x ∈ ∂Ω ∩ B(x 0 , r). On the other hand, by (3.11) and (3.12), we have
for all x ∈ ∂Ω ∩ B(x 0 , r). Furthermore, by (3.13), it follows that
where [D 2 u ε ] denotes the Hessian matrix of u ε . Combining (3.14), (3.15), and (3.16), we finally obtain
where
Thus, the proof is complete by noting the fact that a(x) defined above is continuous on ∂Ω ∩ B(x 0 , r) and ∂Ω is compact on R n . Proof of Theorem 1.2. First, multiplying both sides of the first equation of (3.2) by u ε and integrating by parts, we obtain
which implies that 19) where | · | denotes the Euclidean norm of R n . Now, multiplying both sides of the first equation of (3.2) by h · ∇u ε and integrating by parts, we obtain 0 = Re
To calculate the last term in (3.20), we need the following formula:
where Δh = (Δh 1 , . . . , Δh n ). Substituting (3.21) into (3.20), we obtain the following identity: (3.23) where C i > 0, i = 1, 2, 3, 4, are constants independent of ε. Note that in the last inequality above, we used the inequalities
for some constant C > 0 independent of ε. The first inequality is well known due to the condition of vanishing of u ε on ∂Ω and the second inequality comes from the trace theorem in the Sobolev space (see, e.g., [16] ). Finally, by [16, (7.27 ), p. 189], the solution of (3.2) satisfies for some constant C 5 independent of ε. This, together with (3.18) and (3.23), yields This is (3.3). The proof is complete.
